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I. INTRODUCTION
N A CYCLOTRON design and its beam dynamics analysis it is common to treat separately its central, acceleration, and extraction regions. This is because each of these regions imposes different requirements and challenges. In the acceleration region, ions travel through an isochronized magnetic field, tracing a spiral orbit. Very large number of turns is performed, resulting in a large trajectory length. As a consequence the crucial requirement is to improve computation speed, while preserving high accuracy over the long integration time. The software package VINDY tailored to accommodate primarily the extraction region beam dynamics and analysis, has been developed previously [1] , [2] . However, a beam trajectory in the extraction region is several hundreds times shorter than in the acceleration region. Also in the extraction region a beam trajectory is shaped by the magnetic field solely while in the acceleration region the fundamental i.e. accelerating effect comes from the electric field. Thus the particle tracking code of the VINDY package had to be changed substantially. A new software package for the acceleration region beam dynamics simulation and analysis is developed and added to the VINDY package. Note that it could be easily applied to the central region as well, if the numerically calculated electric field maps are used as input and if the procedures describing the obstacles in the central region (such as posts) are integrated with the rest of the code. Our goal is to describe the simulation and analysis method and assess its efficiency. The results of the simulation for the four test beams are given as an illustration of the trajectory tracking computational method.
II. THE VINCY CYCLOTRON
The VINCY Cyclotron [3] is a multipurpose machine whose function is to accelerate light ions as well as heavy ions with specific charges ranging from 15
The cyclotron magnet has four straight sectors per pole, a pole diameter of 2 m, a sector-to-sector gap of 36 mm, and a valley-to-valley gap of 190 mm. The maximum magnetic induction in the machine center is 1.97 T.
The isochronized magnetic fields in the median plane used as input are calculated according to Gordon's procedure [4] , [5] and they are based on the measured magnetic field maps as well as on the simulated magnetic field maps obtained using MERMAID -the finite element software package [6] .
The Table I .
III. METHOD DESCRIPTION
Charged particle motion inside the cyclotron may be described by the following equations:
and
where r represents the position of the particle, p is the momentum, and v is the velocity intensity. The rest-mass of the particle is 0 m , q is the electric charge, and c is the speed of light. Electric field inside the cyclotron is E and magnetic induction is B . An algorithm with the adaptive time step is proposed for tracking beam trajectories in the accelerating region.
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Previously developed computer code for the extraction region utilized the fourth order Runge-Kutta ODE integration scheme. It is often used in the problems of trajectory tracking for its simplicity, good accuracy as well as stability. Without the adaptive time step, however, it would result in intolerably long computation times and further to an insufficient accuracy. Thus, the above equations are solved using the adaptive time step RungeKutta method of the fourth order. The chosen time steps have to comply with the two accuracy requirements -the local position calculation error must not exceed the required maximal position error x err , while the local error of the momentum calculation must not be greater than the maximal momentum error, p err , given as a fraction of the initial momentum. In addition to the described main procedure, other changes have been made and a set of auxiliary procedures has been developed. Magnetic field maps used as input give the values of the magnetic induction in the median plane with the radial resolution of 1 cm and angular resolution of 1°. The magnetic induction and its derivatives at an arbitrary point in the median plane are calculated using the linear interpolation of the values in the four surrounding grid points. The magnetic induction outside the median plane is determined using 0
, Taylor's expansion of the second order, and numerical derivatives of the magnetic induction in the median plane (the central difference formulas of the fourth order). Electric field can be calculated by the means of an analytical approximation, or numerically, using the electric field maps. The latter one is similar to the magnetic induction calculations just described; it is better than the analytical approximation, but requires previously calculated electric field maps. Electric field calculated using the analytical approximation [7] is only valid in the acceleration region. Due to the current unavailability of the electric field maps, analytical approximation of the electric field inside the accelerating RF gaps is used. Note that the electric field outside the four accelerating gaps is taken to be zero. Utilization of the numerically calculated electric field maps as input would enable the application of the code to the central region beam dynamics. The level of isochronism of the given magnetic field maps is evaluated in order to determine the optimal RF frequencies. This analysis is done prior to the utilization of the field maps in the beam dynamics calculations. It is intended to check up on the extent of the magnetic field fluctuations, which originate partially from the imperfections in machining and assembling the cyclotron magnet parts, and mainly from the discrete number of ten trim coils used to adjust isochronized fields to their calculated ideal values. The orbital frequencies are calculated for a number of static equilibrium orbits (SEO) for each of the magnetic fields. The one to one correspondence between the equilibrium orbit, ion energy and mean orbit radius is used to represent the results as the ion gyration frequency dependence on the mean equilibrium orbit radius. The optimal RF frequency for the beam in question is then calculated as an average orbital frequency in the user-defined range of radii, The initial coordinates of the central ion in a test beam are estimated and the other test ions in a beam are randomly generated around it because the actual data regarding the central region beam dynamics was unavailable. Obviously the data used as an input for the accelerating region beam dynamics simulations should be obtained from the central trajectory data and beam emittances around it resulting from the central region beam dynamics simulations. Instead the central ion could be taken to be the one traveling along the accelerated equilibrium orbit (AEO). However, finding the accelerated equilibrium orbit is complex and time consuming optimization problem. Secondly, there is not much use of the acceleration region trajectory tracking corresponding to the optimal acceleration if it is not matched to the actual central region particle trajectories. Even a small offset in the central ion orbit centering can yield to significantly different simulation results. In the future the AEO will be searched for using an optimization procedure in order to determine how far the achieved acceleration from the optimal one is.
For the time being initial central trajectory starting point is, in the first approximation, taken to be on the static equilibrium orbit. Tracking of the trajectory is performed from the chosen initial point to the given final radius and azimuth of the extraction stripping foil. In order to obtain results realistic at least to some extent the information on the energy gain is used to evaluate the motion of the centers of the curvature barycenter. The result is used to further adjust the starting point position through an iterative process in order to minimize the distance from the centers of the curvature barycenter to the machine center.
Finally, the trajectories corresponding to a number of ions around the central ion that represent the beam are simulated and the data is recorded in the time steps corresponding to those of the central ion trajectory.
IV. RESULTS
As an illustration of the trajectory tracking analysis the behavior of the four referent ion beams is analyzed. The acceleration mechanism in an isochronous cyclotron is based on the synchronization between the particle gyration and electric field frequency. Ideally the isochronous magnetic field should provide constant gyration frequency of a test ion while in reality the smaller the deviation of the gyration frequency the better. The frequency of the RF resonators should be equal to or a multiple of the ion orbital frequency. Therefore for each of the isochronous fields corresponding to the four test ions the dependence of the orbital frequency on the ion energy is investigated. The orbital frequency of a test ion is calculated for a number of static equilibrium orbits denoted by the corresponding ion energies. The ion energy increment is taken to be 0.5 MeV. The optimal RF frequency for the beam in question is then calculated as an average orbital frequency in the user defined range of radii, multiplied by the harmonic number. The radial range from 300 mm to 840 mm is chosen because it corresponds to the acceleration region. Radii smaller than 300 mm correspond to the central region area. The upper limit of 840 mm is equal to the extraction radius.
Plots of the calculated orbital frequencies versus the average orbital radii and the relative orbital frequency offset from an optimal frequency estimate for the H -and H 2 + ions are given in Fig. 1 and Fig. 2 The data obtained for the four test beams is summarized in Table II , where Δt is the time the central particle spends traveling along the simulated orbit, N t is the number of turns, and T/A calc is the final kinetic energy. Nominal extraction energies, T/A nom , are also given for comparison with our simulation results. Good agreement between these two sets of data is observed. Plots of the median plane central ion trajectory and typical energy increments pattern are shown in Fig. 3, and Fig. 4 , respectively, for 40 Ar 6+ ion. The trajectories and the energy increments for other ions look similar to these, except for larger radii where the separated orbits cease to be observable in a 40 Ar 6+ case. The orbits become denser and more overlapping as the radius increases. As the examples of beam simulation, the radial and the axial motions for several ions are shown in Fig. 5 and Fig.  6 . Detailed analysis of the beam emittances and acceleration region acceptances is currently under investigation.
V. CONCLUSION
The typical problems that arise in the acceleration region beam dynamics simulation and analysis were addressed. We have described the computer code developed for that purpose and explained several steps that were used to obtain relevant data. The results of the analysis for the four test beams have been presented as an illustration of beam dynamics analysis. The obtained results are in good agreement with their nominal values. We have shown that the magnetic fields, used as input, are well designed.
